
CALCULATION OF THE TURBULENT CHARACTERISTICS 

OF CHANNEL FLOW WITH ROTATING INNER CYLINDER 

B.  P .  U s t i m e n k o  

An a t tempt  to analyze the turbulent  c h a r a c t e r i s t i c s  of flow in an annular  channel with r o t a -  
ting inner cyl inder  is desc r ibed  which is based on the use of the pu l sa t ing -ene rgy-ba lance  
equations in va r ious  d i rec t ions  of motion. The analyt ical  r e s u l t s  a r e  compa red  with the 
exper imenta l  mean  veloci ty  distr ibution,  the pulsat ion intensity,  the cor re la t ion ,  and other  
data. 

Turbulent  flow in channels  between two coaxial  rota t ing cy l inders  was analyzed analyt ical ly  in a num-  
ber of  papers .  Most  of them a re  based  on the assumpt ion  of smal l  channel cu rva tu re  [1, 2], while in o thers  
[3-5] the cu rva tu re  is taken into account  by var ious  approx imate  means .  On the bas is  of these  papers ,  the 
mean  ve loc i ty  dis tr ibut ion in the flow and the shear  s t r e s s  can be ca lcula ted  with s a t i s f ac to ry  accuracy .  

More  comple te  informat ion  can be obtained by means  of the conventional equations of mean motion in 
combinat ion with the pu l sa t i ng -ene rgy -ba l ance  equations (for the total  energy and the energy  of the indivi-  
dual ve loci ty  components) .  Analys is  of these  additional equations yields,  in pa r t i cu la r ,  data on the d i s t r i bu -  
tion not only of the mean  c h a r a c t e r i s t i c s  but also the pulsat ion c h a r a c t e r i s t i c s  in the flow. 

1. Bas ic  Equations.  Le t  us examine the two-dimens ional  annular  i ncompres s ib l e  turbulent  flow, 
s ta t i s t i ca l ly  homogeneous on cyl indr ica l  su r faces  of constant  rad ius .  For  such a flow, the following r e l a -  
t ions a r e  fulfilled: 

v x = Vx' , v r = vr', % = <re> if- %' ,  p = <p) + p'  
(vx> = <Vr> = O, <v>~ = <% (r)> 

<p> = (p (r)> 

while the de r iva t ives  of the quanti t ies  ave raged  over  the x and ~0 coordinates  a r e  zero.  Here ,  (Vx) , (Vr), 
(v~0} , (p), Vx T, Vr ' ,  v ~ ,  p '  a r e  the ave raged  and pulsat ion values  of  the axial,  radia l ,  and tangential  ve lo -  
c i t y - v e c t o r  and s t a t i c - p r e s s u r e  components ;  ( ) is the sign for  averaging  with r e s p e c t  to t ime  (af ter  
Reynolds).  

With al lowance for  these re la t ions ,  the sy s t em of different ial  equations far the components  of the 
correlation tensor (v i' vj') has the form 

v + < x i ~ r )  ? + % , ! ~ ]  /2J =0  (1.1) 

Oy r, ~ Ov r, 2 / Oyr',2 
2 < V r ' % ' > - ~ - f - < +  P" 0vr"'>- v [<(-0~-x ) 0 r  / >-]-<(-~-r ) >  + ~(r-@-)>1 = 0 (1.2) 

r 
t d 

2<,,> t ~0~,' 0 ~ ' ~ \  C/0~x' 0,,% j(ovx" o , ; \  /o,~" o,/ ,~l - 
<Vx'%'> r @ < - 7  p' k-0~-x - ~- -~-r )/> --  =v k ~ x x  ~ - /  + \\O~-r. -Or-r/. @ % ~  rO(p/_l - -  0 (1.4) 

- - ' V x V r } - ~ - ~ r ( < % S r ) +  P \ ~ - f -  rO(p / /  . Ox \ Or Or / ~ @  . T ~  rO~ = 0  (1.5) 
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-'~- r r < +  [<  _~ . / O Y r " - > ] - ~ - - 0  --<v/% i ~(<vm>r)+<v,Z>2<vv>_~ p , \ T r  + r~) />  Ox Ox \ O r  Or > <'~r~ roe? (1.6) 

In the sy s t em  of equations (1.1)-(1.6), the t e r m s  assoc ia ted  with convect ive tu rbu len t -ene rgy  t r a n s p o r t  
by mean  motion and with i ts  v iscous  and turbulent  diffusion a r e  omit ted owing to thei r  sma l lnes s  [6-8]. 

In accordance  with [6], we make  use of the approx imate  s e m i e m p i r i c a l  re la t ions  for  the diss ipat ion 
of pulsat ing motion 

3 t 
4 / ~  Ovi"'~__ . <v(vi> 2c E % (1.7) 

and for  the energy  exchange between the va r ious  pulsation components  

--pl < P'(Ovi' T-~x~]/Ov/"~"~=:-k ~--~---(<'v(v~ ">-Sij'~E)'2 E =  ~_~. 2 3  <v(Z> (1,8) 
"~1 

H e r e  E is the kinetic energy of pulsat ions;  l is the scale  of turbulence;  c, cl, and k a r e  empi r i ca l  
constants ;  6ij is the Kronecker  delta; and i, j = 1, 2, 3. 

Substituting the sum of the f i r s t  th ree  equations for  the f i r s t  equation in (1.1)-(1.6), and the sum of 
the second and third equation for the second equation, we t r a n s f o r m  this s y s t e m  with al lowance for equal i -  
t ies  (1.7) and (1.8) and the designat ions for  the local d imens ionless  number s*  

l~ d<%> l 2 <%> l ]/-~ 
Rl ~ v dr ' R'~z -- v r RF, ~- "7 

to the d imens ion less  fo rm 

< v r' v, '> <v r' v~'> 
R l -  ~ R ~ o  z+ CR E +C1=0 

<%,%,> <%,%,> (@r,~> _~ <%,2>) 4 
2 T R  l - 2 T  Rwt + E (kRE + C ~ ) - Y ( k - c ) R ~ , = O  

<vr'%'> <vr'v~'> <v,'~> 2 
2 E - -  Rz + 2 T Rwl -}- ~ (kR E -~ cl) -- ~ (k -- c) R E = 0 

< vx'Vr'> < Vx'V ~" ) 
(~RE § cD -- 2 ~ R~ -- o 

<vx'vr'> <vx" v ~'> 
E (Rl -[- awl) -~- T (kRE +' cl) = 0 

'rv" " ' > <~r'2> T<V'~>2Rwt o 

(1.9) 

(1.10) 

(1.11) 

(1.12) 

(1,13) 

(1,14) 

It should be noted that Eq~ (1.9) is the total  ene rgy-ba lance  equation of flow turbulence.  In the ap p ro x -  
imat ion under considerat ion,  it follows f rom this equation that  energy generat ion and diss ipat ion play the 
pr inc ipa l  ro le  in the turbulent  energy balance.  The quanti t ies  a r e  approx imate ly  alike in the g r e a t e r  p o r -  
tion of the channel c r o s s  section,  so that  turbulence is a lmos t  in the s ta te  of energy equi l ibr ium. 

System (1.9)-(1o14) cons is t s  of six equations and contains eight unknowns (< v i ' v j '>  , < v g v>, and l ) .  In 
view of this,  the s y s t em  must  be extended to include the equation for  the mean  flow 

*The  d imens ion less  number  

is analogous to local Reynolds number  

f i r s t  introduced by Loi t syanski i  [9]. 

l 2 d <%> 
R e ~  'V dr 

l 2 d <v x> 
R~---- "v dy 
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a O [ a(<%>/r)] 
~r (<vr'%'> r~)='~-~-r r~ Or 

which a f te r  s ingle  in tegra t ion  and ut i l iza t ion of  the des igna t ions  p r e v i o u s l y  in t roduced  takes  the f o r m  

R w ~ - - R l +  E E - - \  v ] \ r / (1.15) 

F u r t h e r m o r e ,  it is n e c e s s a r y  to d e t e r m i n e  the sca le  of t u rbu lence  l .  

By  solving the s y s t e m  of equat ions  (1.9)-(1.14),  it is not  diff icul t  to obtain 

2/s(k--c) RE 2(cR E +cl)(R~ +RwZ) 
<%'%/E = (kar. + Ca) (t:twz- Rl)(ka E + c~) 

4/a(k--c) RERw~ 4(oR E ~-c~)RwZ (CR E + o ) ( k R  E +c~) 
<%'~> / Z = ( ~  + c~) (~  + / ~ )  +(R~ -- a~,) (~R E + c~) (n~ -- R~) (R~ + R~) 

<vx, % <Vr,2 > <%'z> 
- - ~ 2 - - - -  E E E 

<%' %'> CR~ + c, 
<vx'Vr'> = (vx'%') := 0, E ~ Rw~ --  R l 

~/~(k -- c) R e (Re, z - -  Rt)~ 
8Rwz (B z + R~)  + (kR~ + c~)~ = c t ~  + c~ 

(1.16) 

(1.17) 

(1.18) 

(1.19) 

(1.20) 

The  l e f t -  and r i g h t - h a n d  s ides  of Eq. (1.20) r e p r e s e n t  in d i m e n s i o n l e s s  f o r m  the gene ra t i on  and 
d i ss ipa t ion  of pu lsa t ion  energy .  

2. F low Region  at the Channel Walls .  The inequal i ty  < vc0>//r << d <vg0 >//dr holds at the channel  wal ls ,  
and consequen t ly  R w l  >> R l .  Making use of  these  inequal i t ies , '  we t r a n s f o r m  re l a t ions  (1.16-1.20) to the 
f o r m  

%i* = [ (k/c) R E + c#c + (k/c) a E + cdc ~ ~1( 

~ = i (k/c) R E + c~/c J ,~li* 

[ 4 /8 (k /c - - l )BE 2 ( R z + o / c )  ]q~RE 
* 2 - -  v~:~ = (k/c) R E + c~lc (k/c) R E + clio ~ *  

C R z + c~ RE~ 
<vx'Vr)=<Vx'%'>=O, v . * * = - -  

2/8 (k - -  c) Rt~BZz 
(kBE + c~)2 = cRE + cl 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

+ 
Let us also express through RE, Re, and ~?i the quantities 

E* RE dqo t ~+1 Rt (i = 1,2) (2~ 
= ~ i *  ' dq i = ( -  J (~*)2 

Here ,  go = <v~o>/v,i; v . i  = ( ~ ' i / P  is the dynamic  ve loc i ty ,  T 1 and ~'2 a r e  the s h e a r  s t r e s s  at the r o -  
ta t ing  and s t a t i ona ry  channe l  wails ,  r e s p e c t i v e l y  

v*i3 v , i  ( i  = ~ '  r ,  x ) ;  v ** <vr'%'> 
�9 - -  i - -  V , i 2  

1/ ~ lv ,~ yv .~ 
E *  = v , i  ~ ~ ' ~1"~ = v 

A s s u m i n g  that 

d <v ~> ( 2 . 7 )  
<vr'vff> = - - e  dy 
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(e is the turbulent  k inemat i c  v i s c o s i t y  coeff ic ient) ,  and taking Eq. (2.4) into account ,  we obtain 

e (oR z + cl) a~ ~ (2.8) 

Neglec t ing  the t e r m  a s s o c i a t e d  with the influence of phys ica l  v i s c o s i t y  ( c 1 = 0) in equal i ty  (2.4) ,  and 
making  use of r e l a t ion  (2.5) ,  the c o r r e l a t i o n  < Vr',V ~ '  > in the r eg ion  of fully developed turbulen t  flow at 
the wal l s  m a y  be wr i t t en  as  

�9 k / c - -  d<%> d<v,> 
~ P  <vr'%'> =[~/3( - k ~  1)]%'912 ~ - dr 

(2.9) 

Since in r e l a t ions  (1.7) and (1.8) the sca le  of tu rbu lence  l is defined with an a c c u r a c y  to within a c o n -  
s tant  fac tor ,  f r o m  the se lec t ion  of  which depend the va lues  of  the cons t an t s  k, c, and e l ,  we se t  [8] 

% (klc - -  t)v~ (2 .10 )  
k3/c - -  1 

In  this c a s e  equal i ty  (2.9) t akes  the fo rm of the wel l -known Prand t l  fo rmula ;  a c c o r d i n g  to Prandt l ,  
one m a y  a l so  se t  l = >ty, where  n = 0.4. With the aid of  r e l a t ion  ( 2 .10) ,  the coef f ic ien t s  k and c m a y  be 
r e p l a c e d  by thei r  r a t io  k / c  

k~ = [% (k i t  - -  t)] 3I~ c~ : J2ta (klc - -  t)1% 
klc ' (k/c)3 

t he reby  reduc ing  the number  of  e m p i r i c a l  cons tan ts .  

To ca lcu la te  the pr inc ipa l  c h a r a c t e r i s t i c s  of  annu la r  tu rbu len t  flow, it is n e c e s s a r y  to e s t ab l i sh  the 
dependence  of  RE,  R e and ~..+ on the ~?i-coordinate.  Here ,  the re la t ionsh ip  between the n u m b e r s  R E and Re, 
obta ined  f r o m  f o r m u l a  (2.5) with a l lowance  for  (2.10), has  the f o r m  

L RE 

(2 . i l )  

The  r e s u l t s  of  ca lcu la t ions  f rom f o r m u l a  (2.11) for va lues  of  the cons tan t s  k / c  = 7 and c 1 = 2.5 ( s e -  
l ec ted  as  in [8],which dea ls  with the flow in a r e c t i l i n e a r  tube) a r e  shown in Fig. 1 ( c u r v e s  I and I I ) .  

Substituting < Vr'V ~' > from (2.4) into Eqo (1.15) and taking into account relation (2oli), we trans- 
form (1.15) as follows: 

Rz~ (CR E + cl) (2.12) 
Bz + R~ - -  - -  •  2 

Since the r e l a t ionsh ip  between R e and R E is known, we can r e p r e s e n t  the l e f t -hand  side of  Eq. (2.12) 
as  a function of R e 

Rs2 (oR E + cl) (2.13) 
ttz + B~ - -  F (Rz) 

which is shown in Fig. 1 (curve  l i D .  Then,  having found f r o m  the r e l a t i on  

_ •  = F (R~).  ( 2 . 1 4 )  

the d i s t r ibu t ion  of  the d i m e n s i o n l e s s  number  R l over  the channel  c r o s s  sect ion,  it is not  diff icul t  to c a l c u -  
late f r o m  f o r m u l a s  (2 .1 ) ,  (2 .8) the r e m a i n i n g  c h a r a c t e r i s t i c s  of the flow, including the ve loc i t y  prof i le  at 
the wall .  

3. Turbulen t  F low Core .  In the tu rbu len t  flow co re ,  whe re  the mot ion  is c lose  to potent ia l  ro ta t ion  
[ 5] g o v e r n e d  by the law 

<7) >Y = C07)lP 1 = c o n s t  (C O ~ 0.55) (3.1) 

448 



~0 2.0 

I 1I 
20 400- -  

[5 -75 - -  

[ 

/g 40-. ~ ~ 
"-J [ I 
~ gO IOY /30 

r i s /  } + ,5 . 

Io F 

- 75 

I 

y 
/ & 

Fig.  1. R e number  as  a funct ion 
of  R E ( cu rves  I and I I )  and F 
(curve  I I I ) .  
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Fig.  2. Gene ra l i zed  d i m e n s i o n -  
l e s s  ve loc i ty  prof i le  ~v(V) : the 
sol id  c u r v e s  a r e  r e f e r e n c e  c u rve s ;  
I and I I  r e f e r  to ca lcu la t ions  
f r o m  f o r m u l a  (3.18) for  i -- i and 
2, r e s p e c t i v e l y ;  1 and 3 r e f e r  to 
m e a s u r e m e n t s  at  the ro ta t ing  wall ;  
2 and 4 r e f e r  to m e a s u r e m e n t s  at 
the s t a t i o n a r y  wall .  

Fig.  3. Dis t r ibu t ion  of  the p u l s a -  
t ion in tens i ty  of tangent ia l  v e l o c -  
ity componen t  o v e r  the channel  
c r o s s  sec t ion.  

( v 1 is the ro ta t iona l  speed  of  the c y l i n d e r ) ,  the m e a n  v o r t i c i t y  of the 
flow 1 / r  (d < v~v > r / d r )  is v e r y  low, and consequen t ly  we m a y  se t  

I. i d (3.2) 
RI-{- R~,~= . r dr(<V~ ) r ) ~ O  

On the o ther  hand, in the tu rbulen t  flow core ,  the t e r m s  a s s o -  
c i a ted  with the ac t ion of  v i s c o s i t y  f o r c e s  (c 1 ~ 0) m a y  be neglected.  
In this  case ,  r e l a t i ons  (1.16) (1.20) m a y  be wr i t t en  in the f o r m  

(3.3) 

f 4c  % R IV.  R E  

4c%R'~  R E  (3~ 
v{*= 2 -- 2kcV' + -W~-- j 

R2 
<vx'Vr'> ~ (Vx'V~'> ~ O, ** - -  c % s " vi -- (,h.)~ (3~ 

R<~ - -  RZ = c'l~ nE (3.7) 

R z 
n( (3.8) 

After substitution of < Vr'Vq~' > and R E from formulas (3.6) and 
(3.7), the equation of mean motion (1.15) takes the form 

(3.9) c'A l i e  - -  r/r{ 

F r o m  (3.6) and (3,7) it is not diff icult  to obtain an e x p r e s s i o n  
for  the shea r  s t r e s s  

d<%> <%> <%>~= 
(3.10) 

which for  < v ^ > / r  << d< v~v > / d r  ( at  the wall) r e d u c e s  to the p r e -  
w 

v ious ly  obtained f o r m u l a  (2.9). 

As  in [10], we a s s u m e  that  in fully developed annu la r  turbulent  
flow, the sca le  of  t u rbu lence  l is p ropor t iona l  to the r ad iu s  

v,1 (3.11) 
[ ~ c~r, c~ - -  2c0v I 

H e r e ,  the cons tan t  ~ is d e t e r m i n e d  f r o m  r e l a t i ons  (3.1), (3.9), 
and (3,10). 

Making use of r e l a t ions  (3.7), (3.11), we wr i t e  f o r m u l a s  (3.3), 
(3.8) m final fo rm:  

i 
v~i* -~  k%c- ' /6  r / r i  

[ 2:J'~ 
y * ~ keV~-- rl r/r{ 

rlr~. 
t 

vi**--  (fir:z)2 

r/r{ 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 
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Fig, 4. The distribution of 
total turbulent energy (curve 
I) and the corre la t ion  (curve 
iI) over the channel c ro s s  
section. 
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A. 

Fig. 5. Distribution of the 
turbulent v iscosi ty  coefficient 
over  the channel c ross  s ec -  
tion: solid line - experiment;  
dashed line - calculations. 
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Fig. 6. Distribution of 
the pulsa t ing-energy-  
balance components in 
the flow region at the 
rotating wall. The solid 
lines are  theoret ical  
curves;  (1) g e n e r a t i o n -  
dissipation; (2) con t r i -  
bution of the action of 
v iscos i ty  on l a rge - sca l e  
pulsating motion to d i ss i -  
pation. 

5. 

6. 

We determine the turbulent v iscosi ty  coefficient e f rom Eq. (3.10) 
by substituting into it the values of l and < v~ > from equalities (3o11) 
and (3~ 1): 

v -- 2c0 vz/Y,1 R+ ~ v,zrlv __ v r2, (3.17) 

Integrating Eq. (3.9) with allowance for relation (3.11), we obtain 
the veloci ty distribution in the turbulent flow core  

RtAK(__~)i+II] i - -  Rt  ~(__1)'/+171i, C0R0 jR+ (__ ~)i-rll]i, ]2 [R-e (.--~t)i+ITI~ (3.18) 

where R 0 = v l r J ~  ; ~T = y * v . i / v  is the value of the genera l ized coord i -  
nate at the boundary layer  interface; and r*  = r i + (-1) i+ l y . ,  (i = 1, 2): 
r  is the velocity at this interface. 

4o Comparison with Experiment.  In Figs.  2-6, the computational 
relat ions are  compared  with resul ts  of experimental  studies of the hydro-  
dynamics of turbulent annular flow in channels with an inner rotat ing cy l -  
inder [5, 11]. 

Figure 2 shows the universal  velocity profile ~ plotted f rom fo r -  
mulas (2.6) and (3.18), which cor re la t e s  well with experiment.  As in [8], 
the separat ion of the flow into a laminar  sublayer,  a t ransi t ion region and 
a turbulent core  derives direct ly f rom the initial sys tem of equations, 
without any special assumptions.  

The distribution over the channel c ross  section, of the pulsation in- 
tensity of the components of the velocity vector  vi,* , the total turbulent 
energy E*, the corre la t ion  v i**  , and the turbulen~ viscos i ty  coefficient 
a /v ,  obtained from formulas (2.1), (2.8), and (3.12), (3.17), are  also in 
good agreement  with experiment (Figs~ 3, 5). 

Figure 6 shows the distribution of the pulsa t ing-energy-balance  
components at the rotating wall. The same pattern occurs  at the s tat ion-  
a ry  wall. In addition to the good corre la t ion  between the theoret ical  
curve and the experiments,  the close conformity between the dis t r ibu-  
tion pat tern obtained and the corresponding pattern for rec t i l inear  flows 
is noteworthy. 
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